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Abstract. Despite an increased interest in complex independent com-
ponent analysis (ICA) during the last two decades, a closed-form expres-
sion for the Cramér-Rao bound (CRB) of the complex ICA problem has
not yet been established. In this paper, we fill this gap for the noiseless
case and circular sources. The CRB depends on the distributions of the
sources only through two characteristic values which can be easily calcu-
lated. In addition, we study the CRB for the family of circular complex
generalized Gaussian distributions (GGD) in more detail and compare
it to simulation results using several ICA estimators.
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1 Introduction

Independent Component Analysis (ICA) is a relatively recent signal processing
method to extract unobservable source signals or independent components from
their observed linear mixtures. We assume a linear square noiseless mixing model

x = As (1)

where x € CV are N linear combinations of the N source signals s € CV. We
make the following assumptions:

Al. The mixing matrix A € CV*¥ is deterministic and invertible.

A2. s = [s1, -+ ,sn]T € CN are N independent random variables with zero
mean and unit variance (after scaling the rows of A suitably). The proba-
bility density functions (pdfs) p;(s;) of s; can be different. We assume the
sources to be circular, i.e. p;(s;) = p;(s;6’®) Va € R. Hence E[s?] = 0. Fur-
thermore, p;(s;) is continuously differentiable with respect to s; and s} in
the sense of Wirtinger derivatives [1] which will be introduced in Sect. 2.
The expectations in (15) and (20) exist.

The task of ICA is to demix the signals x by a demixing matrix W € CN*V

y = Wx = WAs (2)
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such that y is ”as close to s” as possible according to some metric. The ideal
solution for W is A~! neglecting scaling, phase and permutation ambiguity [2].

It is very useful, to have a lower bound for the variance of estimation of W.
The Cramér-Rao bound (CRB) provides a lower bound on the covariance matrix
of any unbiased estimator of a parameter vector. Although much research in the
field of ICA has been undertaken, a closed-form expression for the CRB of the
real instantaneous ICA problem has been derived only recently [3,4]. However,
in many practical applications, such as telecommunication or audio processing in
frequency domain, the signals are complex. Although many different algorithms
for complex ICA have been proposed [5-9], the CRB for this problem has not yet
been established. In this paper, we fill this gap by deriving closed-form expres-
sions for the CRB of the vectorized parameter 8 = vec(W?) and for the CRB
of 9 = vec((WA)T). Due to the intrinsic phase ambiguity in circular complex
ICA (cf. A2.: pi(si) = pi(sie’®) Va € R), we can only derive a CRB with the
constraint [WA],, € R. The CRB depends on the distributions of the sources
only through two scalars defined in (15) which can be easily calculated.

2 Prerequisites

2.1 Complex Functions and Complex Random Vectors

Define the partial derivative of a complex function g(0) = u(e, 3) + jv(a, 3)
with respect to @ = R[] as dg/0a = du/da + jOv/O0a and with respect to
B = S3[0] as dg/0B = 0u/IB + jOv/IB. Then the complex partial differential
operators 0/90 and /06 are defined as

Jg _1(0g .0g 0g _1(0g .08
99~ 2 ’ da 798 )"

o '08

00* 2 (3)

These differential operators have first been introduced for real valued g by
Wirtinger [1]. As long as the real and imaginary part of a complex function
g are real-differentiable, the two Wirtinger derivatives in (3) also exist [10]. The

direction of steepest descent of a real function g(0) = u(e, 3) is given by ;ﬁ and

not % [11]. The complex Jacobian matrix of a complex function g: CM — CN
is defined as the complex 2N x 2M matrix

9g g
26 96~
e [(%)* (g)*] |
96" 26
i.e. it is the augmented matrix of dg/00 and dg/06™. The covariance matrix of a
complex random vector x = xp-+jx; € CV is cov(x) = E[(x— E[x])(x— E[x])"].

(4)

The pseudo-covariance matrix of x is pcov(x) = E[(x— E[x])(x— E[x])T].

2.2 Cramér-Rao Bound for a Complex Parameter

We briefly review the CRB for complex parameters (see for example [12]) before
we derive the CRB for circular complex ICA. Assume that L observations of
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x are i.i.d. distributed having the pdf p(x;0) with parameter vector 6. The
complex Fisher Information Matrix (FIM) of complex parameter 6 is defined as

Zo Po
0= |53 5] ®)
where Zg = E [Vg- log p(x; 0){Ve- log p(x; 8)}] is called the information ma-
trix and Pg = E [V~ log p(x; 0){Vg- log p(x; 8)}"] the pseudo-information ma-
trix. Here Vo-logp(x;0) = 1 (Valogp(x;0) + jVglogp(x;0)) is the column
gradient vector of logp(x;0), i.e. [0/00%,---,0/00%]T log p(x; ).
The inverse of the FIM of 8 gives, under regularity conditions, the CRB of
the augmented covariance matrix of an unbiased estimator 6 of 6 and hence

-1
cov(0) pcov(0) Ciyo1 . 1 [Ze Pe

- - >L ), == . 6

{pcov(@)* cov(0)*| — o L |Ps Iy (6)

It holds cov(é) > L™ YTy — PoZy*Py) ' = L‘lel with Re = Zg — PoZ, “Pp.

The CRB for a transformed vector ¥ = g(0) is given by the right-hand-side of

cov(9) peov(d) . e
|:pCOV(19)* COV(’@)*:| 2 L7 DgJg Dy (7)

3 Derivation of Cramér-Rao Bound

In ICA, the parameter of interest is the demixing matrix W. We form the
2
parameter vector 8 = vec(WT) = [wl ... wk]T € CV°, where w! € CV

i
are the row vectors of W. The operator vec(:) stacks the columns of its argu-
ment into one long column vector. The pdf of x = As is defined as p(x;0) =

|det(W)[2 TT, pi(wix), where p;(s;) denotes the pdf of s; and W = A~1. By

using matrix derivatives, we obtain

awiH logp(x; 0) = A* — x*T (Wx) = A*(I - s (s))" (8)

where @(s) = [p1(s1), -+ o (sn)]" and @i(si) = — 52 log pi(s:).
Since 8 = vec(WT), we get Vg- log p(x; ) = vec (WLH log p(x;0)) and
To = (I A)M(I® AT) ", Pp= (1o A)Mx(I®AT))", (9)
where M = E [vec{I — s (s)}vec{I — s (s)} ], My = E [vec{...}vec{...} "]

and ® denotes the Kronecker product.

3.1 CRB for G = WA

For simplicity, we first derive the CRB for the transformed parameter ¥ =
vec(WA)T) = (I ® AT)0. The covariance of ¥ = vec((WA)T) is given by
cov(d) = (I® AT)cov(0)(I ® A*) where 8 = vec(WT). Hence it holds

cov(®) > L™HI® AT)(Zo — PeZ,*Py) '(I® A*) = LT'Ry* (10)
with Ry = (M; — MoM7*M3)*.
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As shown in the appendix, Ry = vazl SN, (%ﬂ) L;; ® Lj;, with k; =
AN

E [|i(5)|?]. Ly; denotes an N x N matrix with a 1 at the (i, i) position and 0’s
elsewhere. Ry is a diagonal matrix of rank N? — N. The CRB for G;j yields
1 Hj

Gz L
V&I‘( ]) - Lliilij -1

i#] (11)
where G = WA. Eq. (11) looks the same as in the real case [3,4], but in the
complex case k; is defined using Wirtinger derivatives instead of real derivatives.
Due to the phase ambiguity in circular complex ICA, the Fisher information
for the diagonal elements G;; is 0 and hence their CRB does not exist. However,
we can constrain G;; to be real and derive the constrained CRB [13] for § = G;:
The constraint can be formulated as f(¢) = §—60* = 0. We then need to calculate
F(0) = [8f/89 8f/89*} _ [ 1 -
of*/00 of*/06* -11
in the null-space of F(0), i.e. FU = 0. We choose U = 1/v/2 11
for the constrained parameter § = G;; then yields

i) 2 79 (9" [ 2]) v = s 1] 02

where Zy =1, — 1 = Py and 1; = E [|si|?|0i(s:)|?]. The CRB in (12) is valid for
a phase-corrected G;; such that G;; € R. Eq. (12) matches the real case [3,4],
where var(Gy;) > L™1(7j; — 1)~" since n; is defined using Wirtinger derivatives
instead of real derivatives and hence for the real case 4(n; — 1) = 7; — 1.

1] and find an orthonormal 2 x 1 matrix U
]”. The CRB

Performance of ICA is often measured using G and hence it can be directly
compared to (11), (12). The absolute values of the diagonal elements |CAT'”| should
be close to 1. They reflect how well we can estimate the power of each component.
The absolute values of the off-diagonal elements |CA¥”| should be close to 0 and
reflect how well we can suppress interfering components.

3.2 CRB for W

It holds vec((WT) = 0 = I® AT)"19 = I @ W)Y since W = A~1. We
can estimate the rows of W only up to an arbitrary phase for each row. We
can derive a CRB for the phase-constrained W, for which [WA],, € R: We
use the CRB for the constrained G;; (12) together with the CRB for G;; (11)

to form the inverse FIM for the constrained G as Rgl = Zfil WL“’ +
DA Do (%ﬁl) L;; ® Lj;. The CRB for constrained W is then given by
jAi N

R,' = I WTR, (1@ W*) and cov(9) > L™'R, .

4 Results for Generalized Gaussian Distribution (GGD)

A circular complex GGD with zero mean and variance E|[|s|?] = 1 is given by
the pdf p(s, s*) = exp (— [ass*]%) [14], with a = (I'(2/¢))/(I'(1/¢)). T'(+)

7T(1/0)
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Fig. 1: Comparison of performance of three ICA estimators with CRB

denotes the Gamma function. The shape parameter ¢ > 0 varies the form of the
pdf from super-Gaussian (¢ < 1) to sub-Gaussian (¢ > 1). For ¢ = 1, the pdf is
Gaussian. By integration in polar coordinates, we find x, n and § in (15) and
(20) as k = %, n = B = ¢+ 1. For the simulation study, we consider N = 3
identically distributed sources with random mixing matrices A with independent
uniform distributions for the real and imaginary parts of each entry (between -1
and 1). We conduct 100 experiments with different A and different realizations of
the source signals and consider the following different ICA estimators: Complex
ML-ICA [7], adaptable complex maximization of nongaussianity (ACMN) [9]
and complex ICA by entropy bound minimization (ICA-EBM) [8]. We correct
for permutation ambiguity and then calculate the signal-to-interference ratio
(SIR) averaged over all N sources: SIR = £ >°, (E 1Gul?] />, E [|GZJ|2])
Fig. 1 (a) compares the SIR given by the CRB with the empirical SIR of the
different ICA estimators for varying shape parameter ¢ and a sample size of
L = 1000. Since all sources are identically distributed, CRB(G;;) — oo and
SIR — 0 for ¢ — 1 (Gaussian). In this case, ICA fails to separate the sources.
Clearly, the performance of complex ML-ICA is close to the CRB for a wide range
of the shape parameter c. ACMN outperforms ICA-EBM in most cases except for
strongly super-Gaussian sources: ACMN uses a GGD model and hence is better
suited for separating circular GGD sources. However, ACMN uses prewhitening
and then constrains the demixing matrix to be unitary which ICA-EBM does
not. Fig. 1 (b) studies the influence of sample size L on ICA performance for
¢ = 0.5. Again, complex ML-ICA performs the best as expected. Except for
small sample sizes, all algorithms come quite close to the CRB.

5 Conclusion

In this paper, we have derived the CRB for the noiseless ICA problem with cir-
cular complex sources. Due to the phase ambiguity in circular complex ICA, the
CRB for the diagonal elements of the demixing-mixing-matrix-product G = WA
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does not exist, but a constrained CRB with G;; € R can be derived. Simulation
results with sources following a circular complex generalized Gaussian distribu-
tion have shown that for large enough sample size some ICA estimators can
achieve a signal-to-interference ratio close to that given by the CRB.

A Useful Matrix Algebra

Similarly to [4], we make use of some matrix algebra in the derivation of the
CRB. We briefly review the required properties here: Let L;; denote a N x N
matrix with a 1 at the (¢, j) position and 0’s elsewhere. It is useful to note that

AL;;A" =a;al’, L;Ly=0forj#k L;Lj=Ly (13)

g
where ® denotes the Kronecker product. We also note that any N2 x N? block

matrix A can be written using its N x N diagonal blocks A[i,i] and N x N
off-diagonal blocks Al[i, j],i # j as follows:

A= ZL”Q@Azz—l—ZZLU@AzJ (14)

B Some Steps in the Derivation of the CRB for G

The derivation of the CRB for G, proceeds in three steps: First, we calculate
M; and M. Then, we obtain Ry = (M7 — MoM7 *M3)* and finally invert Ry.
Using E[sp’(s)] = I, we can simplify M; as
M; = E [vec{I — s¢" (s)}vec{I — sp" (s)}7'] = Q1 — vec{I}vec{I}",
where 1 = E [vec{sp (s)}vec{sp(s)}7] is a N? x N? block matrix. The
(i,1) block i, i] = E [ss™]p;(s;)|?] is diagonal since the components of s are
independent and zero mean. The diagonal elements €21[i, i]; ;) are given by

s JEIsiPles)lP] = m iz
i, 1 { [s]| lpi(si) } = [|<Pz(sl)|2} mwy i (15)
(

k; and n; are real since F[g(s)] with g(s) € R is real. The (¢, j) block €24[i, j] (¢ #
j) can be calculated as Q1[i,j] = E [ss” ¢} (si)p;(s;)]. It has 1 at entry (i)
and 0 at entry (j,4), since

i, jlig) = E [si5505 (5:)i(55)] = Esi¢7 (si)| E [s50(s5)] =1, (16)
i, jla) = Esisjp; (si)pj(s5)] = E[s7¢; (si)] E[sj;(s5)] = 0. (17)

All other entries of €[i, j] are zero since the components of s are independent
and zero mean. Using the matrix algebra from appendix A, we can write 2, as

an u®Lu+ZZHz u®Lg] +ZZL1J®LU (18)

i=1 j=1 =1 j=1

J#i J#i
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Using vec{I}vec{I}"" =371, 21;1_ Li; ®Li; +>;_; Lii @ Ly;, we get My as
JF

N N N
M, = Z(m — 1)L ® Ly; + Z Z kil @ Ljj. (19)
i=1 i=1 ;;11
We note that M; is a real diagonal matrix.
M can be calculated similarly. It holds:
M, = E [vec{I — s (s)}vec{I — s¢" (s)}"] = Qy — vec{I}vec{I}”,

where Qy = E [vec{s@" (s)}vec{s@” (s)}7] is a N? x N? block matrix. The
(i,1) block Qs[i,i] = F [ss” (¢} (s;))?] is diagonal since the components of s are
independent and zero mean. The diagonal elements Qs]i, ]

(j.j) are given by
. E [s2(p;(s:))?] =: Bs =7
Qali,i)(,5) = 2/ % 2 2 ¥ 2 N
bl {E[sj«oz-(sm =B [2 Ewi)?] =0 i#g )

since F [sﬂ = 0. If s; is circular, it can be shown that 8; = n;: For circular
s = sp + jsr, P(=SR,s1) = P(Sg,51), P(SRr, —51) = P(sr,s1) and p(sg,sr) =
g(s% + s%). Let f(r?) = f(s% + s7) = logp(sg, s1). It holds

1 of \° of \?
n=1E (siﬁs?)((%) +(a—i)> :
1 af \* [of\’ af \ [ of
ﬁ*ZE (sk —s1) <<E) - (6—51) >+45RSI (E) (0—51)]’
B af \* af \? af \ (of\| _

where we used E|:SRSI <<ai@)2 (%)2>} —0and E[(SQR ) (665{%) (g_i)} =0

in the third line and % = QSR%T;) and % = 251%:22) in the last line.
The (i, j) block [i, j] (i # j) can be calculated as Qali, j]=F [ssTo} (s:) ¢ (s5)].

It has 1 at entry (i,5) and (j,7), since
Qali, jli.5) = Qali, 4Gy = B [si9i (s0)] B [s595(s;)] = 1. (21)

All other entries of €s[i, j] are zero since the components of s are independent
and zero mean. Hence, we can calculate My = €5 — vec{I}vec{I}T as

N

N N
My = (B = D)Li ® Lis + > (Li; @ Lj;). (22)
=1 i=1 j=1

J#i

We note that My is a real diagonal matrix.
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Since M; and My are real matrices, it holds Ry = (M; — MM "M3)* =
M,; — MnglMg. After some calculations, we get

N N N

o i =12 = (B - 1)? Kikj — 1

Rﬂf; -1 Lii®Lii+ZIZ T Li ® Lj; (23)
i= i=1 j=1

J#

which simplifies to Ry = vazl Zﬁvzl (Lﬂ) Li; ® Lj; due to 8; = n;.
J#i

Kj
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